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Abstract 

In this article, we determine the explicit toric variety structure of Hilb" 4l(n ' ) (C™) for n = 4,5, 
where Ai(n) is the special diagonal group of all order 2 elements. Through the toric data of 
Hilb j4l( -"' ) (C' 1 ), we obtain certain toric crepant resolutions of C n /Ax(n), and the different crepant 
resolutions are connected by flops of n-folds for n = 4, 5. 
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1 Introduction 



This article is intended to discuss the construction of flops of high-dimensional manifolds through the 
geometry of orbifolds. By an orbifold, we mean an algebraic (or analytic) variety with at most quotient 
singularities. This geometrical object was introduced in the 1950s by I. Satake, which he called a 
V-manifold, on his course of study of the Siegel's modular forms [22]. Special emphasis in this paper 
will be on the resolutions of orbifolds with the Gorenstein quotient singularities, i.e., the local structure 
around a singular point is given by 

C n /G , G : a (nontrivial) subgroup of SL n (C) , n > 2 . (1) 

In the mid-80s, string theorists studied a special type of physical model where strings propagate on an 
orbifold M/G where M is a manifold quotiented by a finite group G. The required string vacuum is 
described by the following orbifold Euler characteristic 

X (M,G) = ±- Yl X( M9 '") 

' ' g,h£G, gh=hg 

where M 9 ' h is the simultaneous fixed-point set of g, h. An equivalent expression of the above formula 
is given by 

X (M,G)=J2x(M9/C(g)), 
[g] 

where [g] is the conjugacy class of g with the centralizer C(g). In the local situation one obtains 
x(C n ,G) = |Irr(G)| , Irr(G) := {irruducible representations of G} . 

For the consistency of physical theory, the Gorenstein orbifold C n /G demands a resolution C n /G with 
the trivial canonical bundle and the Euler number x(C n /G) = x(C n , G). For n = 2, all finite subgroups 
G of SL2(C) were classified into A-D-E series by F. Klein, where the orbifolds C 2 /G are always of the 
hypersurface singularity. The minimal resolution of C 2 /G in the surface theory provides the required 

crepant resolution C 2 /G [6.. For n = 3, the desired crepant resolution C 3 /G was found for all G in the 
mid-nineties [7J 1131 1201 121j through some quantitative, but constructive, methods, heavily depending 
on the classical Miller-Blichfelt-Dickson classification of finite subgroups of SL3(C) |14j . and the Klein's 
invariant theory of the simple groups Iqo (Icosahedral group) and -Hi68 (the simple group of order 168) 
[20]. The non-uniqueness of such crepant resolution is expected due to the flop-relation in 3-folds, but 
all with the required Euler number. Thereafter, the qualitative understanding and a possible canonical 
one of these crepant resolutions naturally arise as problems in algebraic geometry. For this purpose, 
the development has resulted in the concept of Hilbert scheme of G-orbits (or G-Hilbert scheme), 
Hilb G (C n ), associated to C n /G, which was proposed in [5] by engaging the finite-group representation 
theory into geometrical problems of orbifolds. The structure of G-Hilbert scheme has now provided a 
positive answer for the problem addressed to the crepant resolution with the orbifold Euler number for 
the dimension n = 2, 3 EE]- 

For n > 4, very few results have been known on the crepant resolution problem of C n /G, and the 
structure of Hilb G (C n ), partly due to the lack of common conclusion for all G, as C n /G has no crepant 
resolution at all for a large class of groups G, even in the abelian group case. A suitable class of groups 
G, which could be of interest to study, are those with Gorenstein orbifold C n /G of the hypersurface type, 
and one can regard it as one way to the high-dimensional generalization of Klein surface singularities. 
For the abelian group case, the group G is given by 

A r (n) := {g G SL n (C)jg r+1 = 1, g is diagonal} , r > 1 . 
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In [Hj, we have studied the cases A r (4) for all r, and obtained the crepant resolutions C A /A r {&) through 
the detailed structure of Hilb" 4r( - 4 ^ (C 4 ). While in this work, we shall discuss the cases A\(n) for n = 4, 5, 
in order to explore the flop-relation of n-folds. It is known that there do exist some crepant resolutions 
of C n /Ai(n) for all n in [20], where the result was obtained by blowing-up techniques through the 
hypersurface equation of < C n /A\{n). But in this paper, we shall construct another type of crepant 
resolutions of C n /Ai(n), which are toric varieties, through the toric structure of Hilb j4l ^ n ^(C n ). One of 
the main goals of this approach is to identify the proper "flop" concept of n-folds for n = 4, 5. This 
method is consistent with the flops of 3-folds, considered as crepant resolutions of the 3-dimensional 
isolated singularity with the equation, XY = ZW, a construction known since the seventies in the 
study of degeneration of K3 surfaces |17j . However, for n = 4,5, the singularities, which possess 
crepant resolutions with the flop relation discovered in this article, has a complicated expression of 
algebraic equations (see formula ©, © of the paper). In particular, it is not of the type of complete 
intersection. 

This paper is organized as follows: In §2, we give a brief survey on the construction of crepant 
resolution C n /G for n = 2,3. In §3, we review some basic facts in G-Hilbert schemes and toric 
geometry for later discussions. In §4, we derive the toric variety structure of Hilb^^C 4 ), which is 
smooth but not crepant. By blowing down the canonical divisor (P 1 ) 3 of Hilb" 4l( - 4 - ) (C 4 ) to (P 1 ) 2 in 
different factors, we obtain three toric crepant resolutions of C 4 /Ai(4). By this process, the flop of 
4-folds is naturally revealed between these three crepant resolutions. In §5, we derive the toric variety 
structure of Hilb j4l(5) (C 5 ), which is singular and non-crepant. By analyzing the toric structure of 
Hilb Al(5) (C 5 ), we construct twelve crepant resolutions of C 5 /Ai(5), all dominated by Hilb Al(5) (C 5 ). 
The connection between these crepant resolutions gives rise to the "flop" relation of 5-folds. 

2 Kleinian Singularities and Crepant Resolutions of Gorenstein Three- 
Dimensional Orbifolds 

For a finite non-trivial subgroup G of SL,2(C), C 2 /G is a surface with an isolated singularity at the 
origin. These singularities were classified by Klein in 1872 ( or so ) in his work on the invariant theory 
of regular solids in M 3 , and they are described in the following table: 



Type 


Group G 


\G\ 


degree of invariants 


relation of invariants 


Ar 


Abelian 


r + 1 


2,r + l,r + l 


X r +1 + yz 


D r 


Binary dihedral 


4(r - 2) 


4,2(r - 2),2(r - 1) 


X r ~ l + XY 2 + Z 2 


Eq 


Binary tetrahedral 


24 


6,8,12 


X 3 + Y 4 + Z 2 


Ej 


Binary octahedral 


48 


8,12,18 


X 3 Y + Y 3 + Z 2 


Es 


Binary icosahedral 


120 


12,20,30 


X 5 + Y 3 + Z 2 



For A- type group G, it is a cyclic subgroup of SL2(C) generated by the diagonal element with the 
entries e r+1 , e '+ 1 . By the continued fraction, 

r + 1 1 
! = 2 

r 2 — ' 

the minimal resolution C 2 /G has the exceptional set consisting of a tree of r-rational curves with self- 
intersections —2, which implies the trivial canonical bundle of C 2 /G with the Euler number r + 1. For 
other groups G in SL^C), the minus identity map always belongs to the center of G. One can construct 
the minimal resolution by first blowing up C 2 at the origin, then analyzing the fixed-points of G on 
this blowing-up space, and then reducing to cyclic quotient singularities. The following remarkable 
characterization for Kleinian singularities by Brieskorn is known: 
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Theorem 2.1 0J/ For an isolated normal surface singularity, the following are equivalent: (1) it is 
Kleinian , (2) it is rational with multiplicity 2, (3) it is rational with embedding dimension 3, and 
(4) the minimal resolution has the exceptional set by a configuration of rational (-2)-curves with an 
intersection matrix minus that of the Partan matrix of the root system of type A r , D r , Eq, Ej or Eg. 
The correspondence between (1) and (4) is indicated in the above table. 

On the other hand, J. McKay observed an interesting connection between the representation theory of 
Kleinian groups and the affine Dynkin diagrams of the A-D-E root system. Denote c : G — ► GL2(C) 
the 'canonical' representation of G. For p, p' £ Irr(G), let m(p,p') be the multiplicity of p' in the 
representation p® c: 

p®c= ^2 m (p,p)p ■ 

p'Slrr(G) 

By the self-dual property of c, m(p, p') = m(p' , p) for all p, p' . One forms a diagram T(G) with elements 
in Irr(G) as vertices, and two vertices p, p' connected by m(p,p') edges. Then, one has the following 
result: 

Theorem 2.2 \15\j T(G) is isomorphic to the affine Dynkin diagram of the corresponding root system. 

By a suitably chosen isomorphism between T(G) and the affine Dynkin diagram, the trivial representa- 
tion of G corresponds to the negative longest root of the affine diagram. So, the diagram T(G) obtained 
by deleting the trivial representation is isomorphic to the ordinary Dynkin diagram of its corresponding 
system. With the results in Theorems 12.11 and 12.21 the rational (-2)-curves in resolution configuration 

implies the trivial canonical bundle of C 2 /G, and the Euler number equality follows from McKay's 
correspondence jH]. 

For n = 3, all finite subgroups G of SL^C) were classified by Miller et al. in 1916 14 . The list 
consists of 12 types of such groups, among which two well-known simple groups, Iqo and -Hi68 appear. 
For the problem of the crepant resolutions of C 3 /G, due to the long list of the Miller-Blichfelt-Dickson 
classification, it is still hard to study the problem by the method of case by case approach. Hence, 
certain induction procedures are introduced, as the one of blowing up at the origin in the 2-dimensional 
case, to enable us to work only on a few cases, consisting of abelian groups, certain solvable groups 
and simple groups Iqo,Hiqs ED] • For abelian groups, the toric geometry provides the effective 
computational methods to obtain the solutions |121 1181 ITU] . Using these techniques, one can work on 
an explicitly given solvable subgroup of SL^C) and obtain the crepant resolutions by using a certain 
'canonical' procedure, regardless the resulting structure of the resolution might be complicated. For 
the simple groups Iqo,Hiqs in SL^C), one needs some different techniques, using the invariant theory 
of their 3-dimensional representations in Klein's work 11 : 



G 


degree of invariants 


relation of invariants 


-^60 


2,6,10,15 


-1UW' 2 + Z 6 - 1728Y" 5 + 720Xy 3 Z 
-80X 2 YZ 2 + 64X 3 (5y 2 - XZ) 2 


#168 


4,6,14,21 


-W 2 + Z' 6 + 1728y y + 1008Xy 4 Z 
-88X 2 YZ 2 - 60032X 3 Y 5 + 1088X 4 Y 2 Z 
+22016X 6 y 3 - 256X 7 Z - 2048X 9 Y 



Note that the relation of invariants in the above table define a hypersurface of C 3 /G in C 4 . One can 
obtains the required crepant resolution by making full use of the relations of invariants of these simple 
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groups G |13[ I20| . With all these efforts, one arrives at a solution of the crepant resolutions C 3 /G 
for a finite subgroup G of SL3(C) However, all of those works were carried out using an explicit 
(somewhat unpleasant) computational method, which is cumbersome and not very illuminating. An 
approach of a qualitative nature to the crepant resolution C 3 /G is provided by the method of G-Hilbert 
scheme, which will be briefly described in the next section. 



3 G-Hilbert scheme, Abelian Orbifolds and Toric Geometry 

From now on for the rest of this paper, {e 1 , .., e n } will always denote the standard basis of C ra , {Z\, .., Z n } 
the corresponding dual basis, and C[Z] := C[Z±, .., Z n ] the polynomial ring of Z^s. 

For a finite subgroup G of GL n (C), we denote Sq = C n /G with the canonical projection ttq ■ C n — > 
Sq, and o = vtg'(O). In this article, a variety X is said to be birational over Sq if there exists a proper 
birational epimorphism ax ■ X — > Sq- In this case, we have the commutative diagram: 

Xx Sa C n — ► C n 
X ^ S G . 

Denote Tx (= 7r*Oxxs G C n l the coherent Ox-sheaf over X obtained by the push- forward of the struc- 
ture sheaf of X xs G C n . The geometrical fiber of Tx over an element y of X is given by J~x,y = 
k(y) 0o x J~x, which is isomorphic to C[Z]/I(y) for some G-invariant ideal I(y) in C[Z]. The G- 
Hilbert scheme Hilb G (C ra ) with the birational morphism, o"Hiib : Hilb G (C n ) — > Sq, is the minimal 
object in the category of varieties X birational over Sq such that Tx is a vector bundle over X (Hj 
(or see [3] and references therein). Furthermore, for each X in the category, there exists a unique 
epimorphism Ax from X to Hilb G (C n ). Indeed, \x{v) is represented by the ideal I(y). In the case 
when C n /G in ©, for n = 2, Hilb G '(C 2 ) is the minimal resolution of C 2 /G, and for n = 3, Hilb G (C 3 ) 
is a toric crepant resolution of C 3 /G for an abelian group G (HlEi- For a general finite subgroup G of 

SL3(C), Hilb G (C 3 ) is indeed a crepant resolution C 3 /G has been justified in ,2j by methods in homo- 
logical algebra, an argument bypassing the geometry of G-Hilbert scheme (of which explicit structures 
are important on its own from the aspect of applications to certain relevant physical problems). 

When G is an abelian group, one can apply toric geometry to study problems on resolutions of Sq- 
We now give a brief review of some facts in toric geometry for later use in this article (for the details, 
see ^Oj). For the rest of this paper, we shall always assume G to be a finite abelian group in SL n (C), 
and identify G as a subgroup of the diagonal group To := C* n C GL n (C). Regarding C n as the partial 
compactification of To, we define the n-torus T with the embedding in the T-space Sg by 

T := T /G , T C Sq . 

Denote N = Hom(C*,T) (resp. iVo = Hom(C*,To)) the lattice of one-parameter subgroups of T (resp. 
T ), M (resp. M ) the dual lattice of N (resp. No). We have N D N and M C M . Through the map 
exp : W 1 — > To, exp(^ a^e*) := Yli e 2lT ^~^ Xi e l , one can identify A^o and with the following lattices 
in R n , 

N = 1 n (= exp-^l)) , N = exp-^G) . 

In this way, Mo can be identified with the monomial group of variables Z\,..,Z n , and M corresponds 
to the subgroup of G- invariant monomials in Mo- 

By pOl) a T-space birational over Sq is described by a fan S = {ai \ I € 1} with Co := J2i^>o el 
as its support, i.e., a rational polyhedral cone decomposition of Co- In this situation, an equivalent 
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description is given by the polytope decomposition A = {A; | I £ 1} of the simplex 

A := C^Xij G C \ S ^x l = 1}, 



i i 



where A/ := o\ f] A with the vertices of A; in A n Q n . For a\ = {0}, we have A; = 0. We shall call A 
a rational polytope decomposition of A, and denote X\ the toric variety corresponding to A. 

For a rational polytope decomposition A of A, we define A(i) := {A; £ A | dim(A^) = i} for 
— 1 < i < n — 1, (here dim(0) := —1). Then, for each A; € A(i), there associates a T-orbit of dimension 
n — l — i, denoted by orb(A^). For A^ £ A(n — 1), i.e., A/ is an (n — 1) -dimensional polytope, orb(A/) 
consists of only one point, which will be denoted by x 1 \ [ . For a vertex v € A(0), the closure of orb(f) 
represents a toric divisor, which will be denoted by D v . The canonical sheaf of X\ is given by the 
following expression of toric divisors, 

ui Xa = Xa { (m v -l)D v ), (2) 
ueA(o) 

where m v is the smallest positive integer with m v v € N, i.e., a primitive element of N. 

A polytope decomposition A of A is called integral if all vertices of A are in N. By @, the trivial 
canonical sheaf is described by the integral condition of A. The non-singular criterion of X\ is given 
by the simplicial decomposition of A with the multiplicity-one property. For a polytope TZ £ A(i), we 
denote 

X n = spec(C[M n an]) 

where a~n is the dual of the cone an '■= {rv\r > 0, v £ TZ}. Then, {Xn}neA(n-i) forms an open cover 
of .V A . 

Now we consider the case G = A\{n). We shall always denote the following elements in M(= Mq): 
Ti = Zl U i= f V ij= ZiZ > . (3) 

\/j\..Lj../j n ) lla^i,j; l<a<n 

The set of A^-integral elements in A is given by 

An N = {e*|l < i < n} U {v ij \l <i<j<n}, v ij := -{j + e j ). 

Other than the simplex A itself, there is only one integral polytope decomposition of A, denoted by 
S, which is invariant under all permutations of the coordinates (i.e., r : e % i— > e T ^ for t £ S n , the 
symmetric group of degree n). Then, H(n — 1) consists of the following n + 1 polytopes: 

:= {v ik \\ <i<k<n), A J := {e j , v ij \i^ j) (j = l,..,n). (4) 

The toric variety Xs is smooth on the affine space centered at x^,. with the local coordinate Uj, Ti 
{i ^ j). Therefore, the singular set of Xs lies in the affine open set X§ centered at x<>. The structure 
near x§ is determined by <r<> fl M, which is generated by Tj, . For n = 3, ?7j~ , U^ , U^ 1 form 
an integral basis for M, which implies the smoothness of X=. For n > 4, X= is singular at x^, and Tj, 
U~ , 1 < i < n, form the minimal generating set of d§ fl M. For n = 4, the singular structure of X^ 
near x§ is described by the 4-dimensional affine variety in C 8 with the equations: 

UHi = tjUj , Utj = Ui>Uji , (ti,Ui)\<i<4 £ C 8 (5) 

where i ^ j and {i',f} is the complementary pair of {i, j}. For n = 5, the singular structure of Xs 
near x<> is defined by the following relations: 

tiUi = tjUj, UiUj = t k tit m , (ti,Ui)i<i<5 £ C 10 (6) 
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where 1 < i < j < 5, and {k,l,m} is the complement of {i,j}- 

For later use, we recall some terminology of the Grobner basis f3j . Let -<l be a lexicographic order 
on C[Z] and w E ^>o- The weight order -< determined by the weight w is the monomial ordering on 
C[Z] with the following properties: 

(1) If (ui - u 2 ) • w < 0, then Z Ul ~< Z U2 . 

(2) If (ui - u 2 ) • w = and Z Ul ^ L Z U2 , then Z Ul -< Z" 2 . 

For a monomial ideal 7 C C[Z], we shall denote I 1 - the set of monic monomials outside /. For a 
monomial ordering -< and an ideal J, lt^(J) will denote the ideal generated by the leading terms (with 
respect to -<) of all elements in J. 

4 Hilb Al(4) (C 4 ) and Crepant Resolutions of C 4 /^i(4) 

In this section, we consider the case n = 4. Throughout this section, the indices j,k,l,m will always 
denote a permutation of (1,2,3,4). For n = 4, the polytope in Q is a regular 3-dimensional 
octahedron contained in the standard simplex A in M 4 , with a cube as its dual polygon. We label the 
facets of the octahedron by Fj , Fj where 

4 

Fj = n Aj , F] = {J2^e l G | Xj = 0} . 

i=i 

Then, the dual of Fj, F'- are vertices of the cube, denoted by ay, a'j (see [Fig. 1]). 




[Fig. 2] The rational simplicial decomposition H* of A for n = 4. 

Consider the rational simplicial decomposition H* of A obtained by S and adding the center c := 
3 Sj=i eJ as a vertex of H* with the barycentric decomposition of in 5, (see [Fig. 2]). Then, H*(3) 
consists of the polytopes Aj, Cj and Cj for j = 1, ..,4, where 

:= (c, V m ), := (c, v lm , v mk ). 

Note that c iV and 2c £ N. 
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Theorem 4.1 For G = A Y (A), we have Hilb G (C n ) ~ X s * , which is non-singular with the canonical 
bundle uj = Ox^*(E), where E is an irreducible divisor isomorphic to the triple product of P 1 , E = 
(P 1 ) 3 . Furthermore, for {j, k, 1} = {1,2,3} and the (k,l)-th factor projection, pj : E — ► (P 1 ) 2 , the 
restriction of normal bundle of E on each fiber (~ P 1 ) of pj is the (—l)-hyperplane bundle off . 



Proof. The smoothness of the affine spaces Xn, TZ = Aj, Cj, Cj, follows from the integral and multiplicity- 
one properties of an with respect to N. With © for n = 4, we have Vjk = (ZjZ k )/(ZiZ m ), Uj = 
Zj/(Z k ZiZ m ). By using the inverse matrices of (e? , v jk , v jl , v jm ) , (2c, v jh , v jl , v jm ) and (2c, v kl , v lm , v mk ) , 
one obtains the generators of a\ Pi M for TZ = Aj, Cj, and C'- as follows: 



A,- 




Uj, 


T k , 


T h 


T ■ 

- 1 m , 












, Vjk, 


Vju 


Vjm, 






C 'j 




Tj, 


Vim, 


v km , 


Vu ■ 






We shall express the coordinates of an element y € Xn ~ C 4 as 


follows: 




(Uj,T k ,Ti 




= («i> 


tk,tl, tm 


), 




TZ = 


--Aj, 


(Ur\v jk ,V jh 


Vjm i 


i = (Wj, 


Vjk, Vjl, 


Vjm), 




TZ = 


= Cj, 


(Tj , Vim i Vkm , 


v kl ) 


— (fj i Vim , Vkm i 


v k i), 




tz = 


-C], 


and the corresponding ideal I(y) is g 


;iven 


by 













(7) 



(Zj — UjZ k ZiZ m , Zf. — t k , Zf — ti, Z m — t m ), 
{Z k ZiZ m — u jZj, ZjZ k — Vj k Z\Zm, ZjZi — VjiZ k Z m , 
ZjZ m — Vj m Z k Zi, Zj — tj, Z k — t k , z^ — ti, Z m — t m 

(tj = UjVj k VjiVjm, t a = UjVj a , (a / j)) , 
(ZlZ m — VlmZjZk, ZkZ m — Vkm 

Zk^l — VklZjZ ni , Zj — tj, Zf — tk, Zf — ti, Z m — t m ) 
(tk — tjVkmVkl, tl — tjVlmVkl, t m — tjVkmVlm) , 



TZ = Ay, 
Tl = Cj; 



TZ = C>. 



(8) 



In each case, one can show that the generators in the expression of (jHJ) form the reduced Grobner 
basis of I(y), and \t^(I(y)) = I(x-jz) for a weight order -< with the weight in Interior (cr^). For TZ = Aj, 
we have I(xa 7 ) = (Zj, Zl, Z} , Zl,), and 



(Zj, Zf, Zf, z^ 
I(x A . 



{1, Zfc, Zl, Z m , ZiZ m , ZkZ m , Z k Z\, Z k ZiZ m } 



gives rise to a G-regular monomial basis for C[Z]/I(y). Similarly, for TZ = Cj,C'j, we have I(xCj 
(ZkZlZ m , ZjZk, ZjZi, ZjZ m , Z\, Z\,Zl,Z\) and 
I{ X C") = (Z\Z m , ZkZ m , ZkZi, Z\, Zf, Zf, Zj) with 



H x Cj) ± — {1) Zi, Z2, Z3, Z4, ZiZ m , Z k Z m , Z k Z{\, 

I( X C J )~ L = {!) Zi, Z2, Z3, Z4, ZjZk, ZjZi, ZjZ m }, 

which give rise to corresponding G-regular monomial basis of C[Z]/I(y). Since X=* is birational over 
Sq, with the vector bundle J-x s * , we have an epimorphism 

\:X E * ^Hilb Al(4) (C 4 ) 

with I(X(y)) = I(y) for y & Xg*. We are going to show the injectivity of A. For each TZ £ H*(3), the 
coordinates of an element in Xn can be represented in the form (pi/qi = 7i)i=i f° r some monomials pi, qi 
described in 0. Let y, y' be two points in Xn with the coordinates (pijqi = 7i)i=i an d (Pi/Qi 



i)i=l 



s 



respectively. By (jTJ), (jHJ), we have pi — jiqi G I(y) (resp. pi — 7^ G I(y')) with qi G /(x^)- 1 " for each 
i. When I(y') = I{y), we have (7^ — 7i)(7i G -f(y)- By qi G I(xn)~ L , one has 7^ = 7« for all i, which 
implies y = y' . Hence, A in injective on each X-ji. Furthermore, the ideal I(y) for y G X-ji is completely 
determined by its toric coordinates, which appear as some generating elements of I(y) in ©. By the 
construction of toric variety, one can conclude that if y G X-ji and y' G Xfc/ with I(y) = I(y'), the toric 
coordinates of y for X-n and y' for X-jh are related by the transition function of these affine charts, 
hence y = y' . For example, for y G Xqi and y' G -Xc^, the affine coordinate of y G Xqi is given by 

Ct £ £ £ ^ • ( 7l ^ 2 ^ 3 ^1^3 ^1^2 
\ Z4Z4 Z2Z4 ^3^4 

and y' G is 

, . / Z2Z3Z4 -ZiZ^ Z"iZ*3 Z\Z?\ 

[Vi,V2,V3,m) ■= ^ , tt^t, i=r^r • 

\ Zi Z2Z3 Z2Z4 Z3Z4/ 

By the expression of £'s and ry's in terms of zVs, we obtain the transition function on X c >^ n Xc x - 

(6, 6, £3, £4) = r?2 , V 2 1 iV3,V'i)- (9) 

Therefore, A defines an isomorphism between X=* and Hilb G (C 4 ). 

By (J2J, the canonical bundle of As* is given by wi s , = Ox s » (E) with E 1 = L> c . As the star of c 
in H* is given by the octahedron in [Fig. 1], we have E ~ (P 1 ) 3 . One can apply the toric technique to 
determine the (— l)-hyperplane structure of fiber P 1 of the (A;, Z)-th factor projection, pj : E — > (P 1 ) 2 for 
the normal bundle of E. For example, in the case of the projection of E onto (P 1 ) 2 corresponding to the 
2-convex set (v 12 , v 13 , t> 34 , v 24 ), the relation Q between the local coordinates of Xc x and Xqi implies 
that the restriction of the normal bundle of E on each fiber P 1 over (3, 4)-plane is the (—1) -hyper plane 
bundle. This proves Theorem 14.11 
QED 

By the property of the normal bundle of the canonical divisor E on P 1 -fibers in Theorem 14. H 
one can blow down E to obtain three different crepant resolutions of Sq. In fact, all these crepant 
resolutions are toric varieties described as follows: Let Hj be the refinement of 3 by adding the segment 
connecting u-? 4 and v kl to divide the central polygon into 4 simplices, where {j, k, 1} = {1, 2, 3}. Then, 
we have the relation of refinements: E -< Sj ~< H* for j = 1, 2, 3, and each is a crepant resolution of 
X=. For the corresponding decompositions of the central core <), the refinement relations are given by 
~< Oj ~< 0*, (1 < j < 3), with the pictorial realization [Fig. 3]. By the relation between X§* and X$, 
one can conclude that is the isolated singularity of Xq, with the equation ©. The three 4-folds X^ /i 
are all "small" 1 resolutions of the singular variety Xq. The relationship between these three crepant 
resolutions of the isolated singularity is defined to be the flop of 4-folds. Hence, we have shown the 
following result: 

Theorem 4.2 There are three crepant resolutions of S' J 4 1 (4) obtained by blowing down the canonical 
divisor E o/Hilb^^^C 4 ) in Theorem \4-l\ Any two such resolutions differ by a flop of 4- folds. 

Remark: The S^-action on coordinates leaves and 0* invariant, but permutes three Oi's. A similar 
phenomenon will also appear in the case G = A±(5) in the next section. 



5 yli(5)-Hilbert Scheme and Crepant Resolutions of C 5 /Ai(5) 

In this section, we shall discuss the case of G = A\(5). Throughout this section, the indices i, j, k, I, m 
always mean a permutation of (1,2,3,4,5). In addition to the elements e l , v lJ of N in A, we consider 

1 Here a "small" resolution means a resolution with the exceptional locus of codimension > 2. 
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[Fig. 3] Toric representation of flops of 4-folds over the isolated singularity 
and dominated by the smooth 4- fold. 



the following rational points: 

a^=i \ a=l J 

Then, one has a refinement S* of H with elements in H*(4) given by: 

Ai = (e\v ij ,v ik ,v u ,v im ), li = (w i ,v ij ,v ik ,v il ,v im ), Ily = (w\ u j , v ik , v il , v im ), 

III jk = III kj = ( U i,u k , v im , v lm , v il ), TV iJk = TV itkj = (w\ui,u k ,v u ,v im ), 

V im = V mi = (w\w m ,v?,u k ,u\v im ), VI := (u a ,w a f a=l . 

There are 5, 5, 20, 10, 30, 10, 1 elements of Aj, Ij, Ily, IHjfc, IVijk, Vj m , VI respectively. The facet 
relations for these 4-polytopes can be depicted graphically in the following diagram: 

Aj Ij IVjjfe Vj m VI 

where a line describes the intersection of two polytopes with a common facet. Except the heptahedrons 
Vj m and the decahedron VI, the rest of the 4-polytopes are all simplicial. 

Theorem 5.1 For G = ^4i(5) ; Hiib G (C 5 ) is the toric variety X^* with the canonical sheaf to x s * = 
Ox s * ( X)i=i w i + where D u i and D w i are the divisors corresponding to u l , w l respectively. 
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Proof: With (J3J) for n = 5, we have Ui 
M n cr'n for 1Z € H* (4) are given by the following table: 



ZjZ k Z l Z m i ij 



ZjZj 
Zi. ZiZ n 



The generators of N H cr^ and 



1? 
AC 


iv [ 1 07^. 


iV2 1107^. 


Ai 
Ii 

1% 

V 
VI 


e\ v t: > ,v tk ,v u ,v im 
3w i ,v ij ,v ik ,v il ,v im 
3w i ,2u j ,v ik ,v il ,v im 
2u j ,2u k ,v im ,v lm ,v il 
3w i ,2u j ,2u k ,v a ,v im 
3w i ,3w m ,2u j ,2u k ,2u l ,v im 
3w\ 2u\ (1 < i < 5) 


) ^ijsKibKzsKm 
^ij 1 ->Tj,Vik, Vil , K m 
; -^k j Km ; Km j Ki 
^m'^ij 1 '^ 1 '^'^™ 

y- 1 y- 1 y- 1 y- 1 y- 1 y- 1 y. 

v ij ' v jm ' v ik ' v fcm ' v il ' Wm ' K »m 

K7 1 ' (i<^<j'<5) 



Then, one can easily see that X-r. has the smooth toric structure C 5 except 1Z = Vj m and VI, which 
contribute the singularities of Xg*. In fact, Xy im is the afhne variety in C 7 defined by the relations, 



^j'm ' y%k ^im 



and Xvi is the affine variety in C 10 given by 



il ^km ' ^jm 



v^vr 1 ■ 

%j Ira ' 



(10) 



ij il ^kra 



V7 x Vr x V^ x , V~ x Vr x = T/.1V7 1 



ij kl 



ik jl 



where the indices run through all possible i,j,k,l,m. For 7 € C, we define the following eigen- 
polynomials of G: 

F ij(l) '■= z i z j ~ J z k z i z m, fly (7) := Z k ZiZ m - jZiZj. 
We shall denote the coordinates of an element y E X-ji by 



K 



li 

1^ 

HI jfc 

Vj m 
VI 



y g x n 



\JJ%i Tj, Tki 1\j T m ) — \ fii iji tki tli tfn) 
(Uf , Vij, V ik , Vu, Vim) = {■Jjklm, Jij 3 7tfc> lih li', 



V ij 1 7 Tj, Vik, Vu, Vi m ) = {iklm , tj , 7ifc , 7« 3 7 



im J 



(Km; Vii,Vi m ,Tk,Tj) = (lim, JU, Jim, tk,tj) 

iriili 7»rnj Iklmi Ijlmi lijk) 

Km , K7 1 , KI 1 , KI 1 , K7 1 , K~ 1 , K" 



Vil, Vi m , V- ,V ik , Km 



, 1 yr 1 t/^ 1 t/^ 1 v~ x V~ x ) 

17713 K ii ! K ;m ' ' y ij ' y jra ' K fcm y 

(7* mj Ijkmi lijkj Ijlm: Iklraj likli lijl) 
^j 1 ) . ^ . = (^ klm )k<l<m 



where the 7's and t's are complex numbers, and in the cases of Vj m and VI, the coordinates are 
governed by the relations (|lUj) . 1)11(1 respectively. Using the above coordinates of y, one can express the 
ideal I(y) as follows: 
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I(y) = (Z]-t J ,Zl-t k ,Zf-t l ,Zl 



' t m , Zi — JiZjZkZiZm), 



i(y) 



ta)a=l + ( F ijdij), F ik{lik), 



Fil {lil ) j Fim dim ),ZjZhZi Z m 



' IjklmZi 



II 



tj — lijljklmi tk — likljklmi H — lilljklmi 
t-m = limljklmi ti = lijliklilliml jklm 

!{y) = { Z l - t a )l =1 + (Fik( / yik),Fil('yil),Fim('Yim), Hi j (■Jklm)) 
tk = liklklmtj i t\ = lalklmtj , t m = limlklmt j j 
ti = liklillimtj Iklm 



III 



IV 



jk 



,jk 



(i(y) 
I (u- 



(Z% - t a ) 5 a=1 + (F im dim),Fudil),Flmdlm)), 
limliltktj ■, t[ — lallmtktj i t m — limllmtktj ) 



I(y) = (Z2-t a )5 =1 + ( J F im ( 7im ),F i ,(7«), 

Hijdklm), Hikiljlm): Hindi jk)) 
tm lim'Jjlmlklmlijki tl 7iO 'jlmlklmlijki 
t'i = limlilljlmlklmlijk i tj = Ijlmlijki tk = llmklijk 



V, 



m 
( 



(Zl - £ a )a=l + (Fimdim),Hudjkm),Hikdjlm), 
Hij dklm ),Hj m dikl ) > Hi m dijk) j -^fcrn (7ijJ ) ) 



ti = limlikd jlmlijk = limliklljkmlijh ^ 
tm = limlklmljlmlijk = limlklmljkmlijh 
tl = liklljlm = Kijllklmi tj = lijkljlm = lijlljkmi 

tk lijklklm liklljkm j 



VI 



Hy) = { Z l - t a ) 5 a =i + (Himdijk)\ for all possible i,j, k, I, m), 



lijklilm lijmlilki Iklmljkmlijl Ijlmljkllikm 

for all possible i,j,k,l,m 
One can show that the generators in the above expressions of I(y) form the corresponding reduced 
Grobner basis with respect to a weight order -< with weight w 6 Interior (cj-r.). Furthermore, the ideal 
lt^(I(y)) is equal to I(xk). Therefore, I^xji) 1 - gives rise to a basis of C[Z]/I(y), which is G-regular by 
the following explicit description of basis elements. 



n 


I(xn) 1 - 


Ai 


1, Zj, Zk, Zi, Z m , ZjZk, ZjZ[, ZkZi, ZkZ m , ZiZ m , ZjZ m , 
ZjZkZi, ZjZkZ m , ZjZiZ m , ZkZiZ m , ZjZkZiZ m 


h 


1, Z{, Zj, Zk, Zi, Z m , ZjZk, ZjZi, ZkZi, ZkZ m , Z[Z m , ZjZ m , 
ZjZkZi, ZjZkZ m , ZjZiZ m , ZkZiZ m 




1, Zi, Zj, Zk, Zi, Z m , ZiZj, ZjZk, ZjZi, ZkZi, ZkZ m , Z\Z m , 
ZjZ m , ZjZkZi, ZjZkZ m , ZjZiZ m 


HI jfc 


1) Zi, Zj, Zk, Zi, Z m , ZiZj, ZjZk, ZjZi, ZkZi, ZkZ m , ZiZjZk, 
ZjZ m , ZjZkZi, ZjZkZ m , ZiZk 




1, Zi, Zj, Zk, Zi, Z m , ZiZj, ZjZk, ZjZi, ZkZ\, ZkZ m , Z\Z m , 
Z-\Z m , ZjZkZi, ZjZkZ m , ZiZk 


Vj m 


1) Zi, Zj, Zk, Zi, Z m , ZiZj, ZjZk, ZjZi, ZkZi, ZkZ m , ZiZjZk, 
ZjZ m , ZjZkZi, ZiZi, ZiZk 


VI 


1) Z\, Z2, Zj,, Zi, Z5, Z1Z2, Z1Z3, Z\Z±, Z\Z^, Z2Z3, Z2Z4, 
Z2Z5, Z^Za,, z^z^, z^z^ 



Thus, C[Z]/I(y) is a regular G- module for each y £ Xs*, and X^* is birational over Sq having the 
vector bundle .T 7 -*. Hence, there is an epimorphism A : X=» — > Hilb G (C 5 ) with I(X(y)) = I(y). With 
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the same argument as in the case n = 4, one can show that A is injective on each X-ji by the reason that 
the toric coordinates are encoded in the generators of I(y). By the toric variety structure of Xs*, one 
obtains the injectivity of A. Hence X&* ~ Hilb G (C 5 ). By P|). one has the expression of the canonical 
sheaf for X^* ■ 
QED. 

We are going to construct certain crepant resolutions of Sg dominated by the toric variety X=* ~ 
Hilb G (C 5 ). Consider the permutation r = (12345) on the coordinates of iVo- Define the following 
simplices in A: 



c 


= (v 12 , 




v 34 , 


v 4 \ 


v 15 ), 


D 




V 3 


V 4 






Eo 


:= (, 35 


v 23 


v 25 







and Di := t^Dq), E { := t^Eq) (i = 1,..,4). Then, one can show that C, D { and (0 < i < 4) 
form an integral simplicial decomposition of the central core G S(4), hence one has the refinement 
0' of with 0'(4) = {C} U {Di, Ei}f =Q . Denote 5' the rational polytope decomposition of A with 
3' (4) = 0'(4) U {Aj}f =1 . Then H' is a refinement of S. By computing the primitive generators of each 
element in H' (4), one can easily check that X=y is a crepant resolution of Sg- The facet relations of 
simplices in S'(4) are given in the following diagram: 




^0 

L 



Lemma 5.1 We have the relation -< 0' -< 0*, consequently, E -< E' -< E* 



Proof: It suffices to show the relation ()' -< 0* • By a detailed analysis of the 4-polytopes in H*(4), one 
can conclude that the simplex C is the union of the following eleven polytopes in 5' (4) with the facet 
relations: 

IV315— V 34 — IV412 



V 23 
C: I 
IV 245 

V 



VI 



12s. 



,v 



\ 

V45 

\ 

. IV523 

15 



IV 



131 
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Similarly, the relations of Dq, Eq with 4-polytopes in 0*(4) are given in the following diagram: 



II14 IV124 
I I II51— IV514— IHi4 

Dq : IV 145 V 13 IV325 Eq : | | 

III45 — IV345 — II35 

By applying r* (1 < i < 4) on the above diagrams for Dq and Eq, one obtains the decompositions of 

D{, Ei in terms of elements in 0*(4). The results then follow. 

QED 

As known in §2, H and S* are ^-invariant polytope decompositions of A, but not for S*. The 
isotropy subgroup of S§ for 3' is G' = ((25) (34), (12345)), which is isomorphic to the dihedral group of 
order 10, with the index [S5 : G'\ = 12. By applying permutation elements in S5 to the decomposition 
5', one obtains twelve integral simplicial refinements Sj (1 < i < 12) of 3, with H -< Hj -< H*. 
Correspondingly, there are twelve decompositions (}i (1 < i < 12) of the central core with the 
following refinement relations: 

0^0*^0*, * = 1, .., 12. 

The connection between these twelve smooth 5- folds corresponding to the toric data Oj's can be regarded 
as the "flop" of 5-folds, all of which are crepant resolutions of the singular variety defined by 
Therefore, we have obtained the following result: 

Theorem 5.2 There are twelve toric crepant resolutions, Xs t 1 < i < 12, of which are domi- 

nated by Hilb j4l *- 5 - ) (C 5 ). Any two such resolutions differ by a "flop" of 5-folds. 
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